The exact solution to the one-dimensional Schrodinger equation which describes the motion of a particle scattering off a finite set of 6-function potentials of axbit~ary strengths and positions is found. The behavior of the T matrix both on and off the energy shell is also precisely given. Localization of states is discussed.
I. INTRODUCTION Recently a great deal of work' has been done on the problem of understanding the electronic states of a system in which the atomic scattering sites are randomly located. The importance of these studies in the field of semiconductor physics is well known. The mathematical difficulties involved in this problem have made it necessary to look into its one-dimensional version in hopes of getting some insight into the important features, so that extraneous complexities can be avoided in the threedimensional case.
Even with its simplifications the one-dimensional case has not proven to be trivial in nature and the work in this area has needed to be put on a firmer basis. In this paper we hope we have done this by providing an exact solution to the Schrodinger equation for an electron moving in one dimension in the presence of a set of 5-function potentials of arbitrary strengths and positions. The solution which we present has the feature that a clear delineation is made between terms that are made small due to incoherence effects, in the case of a random distribution of scattering sites, and those that are not.
This feature of our solution makes it useful for an understanding of how wave functions grow inside the chain of scattering sites and thus it is applicable to the study of the all-important problem of localization.
In Sec. 0 we present our solution to the integral form of the Schrodinger equation. In Sec. III we recognize the fact that to obtain the wave function we did not have to completely invert the matrix M [defined by (2. 5)]; we complete this task and show that the Fredholm determinant, i. e. , detM, has, for positive energy, a magnitude greater than unity. With this inverse of M, we obtain, as well, the T matrix both on and off the energy shell and briefly discuss its connection with the evaluation of transport properties and the density of states in a specimen. Section IV is devoted to a discussion of some aspects of the problem of localization. We point out in that section that for positive energies, where IdetMl Our purpose in this section is to obtain an exact so ution of the one-dimensional Schrodinger equa-
Eliminating explicit reference to u, [by using (2. 6)], we obtain u2 = A e'""' [(1 -n, ) + (1 + n, ) e """2y, ({n},k)]
when the potential V(x) has the form For simplicity we shall assume xi & x2 &~~~& x&.
In connection with the procedures with which we shall be dealing, it turns out to be more convenient to work with the integral form of (2. 1), i. e. , u(x) = dx' e" " "' V(x') u (x ') + A e""+ B e '"" We can finally obtain a solution of (2. 3) by inserting into it the result (2. 22). Thus for x;
& x& x;,1 we get u(x) =A e""+ [B -S(+)]e ""
Noting that the only difference between (2. 11) for u&"and (2. 23) is the replacement of x&"by x [except where it occurs in S(+)], we can immediately write u(x) =A e""y, , (k, fo'}, x,~x"x)+e ""y, ,(k, (u}, x&~x"x) 
and in the special case that all the n's are the same, we have (for positive energies)
Inserting (3. 2) into (3.1), we have dp (P(xg e x)r &- (3.6) where in the end we must set a, = a1. Reintroducing S(+), we can write after some manipulation u, =a, e""'-S(+) e ""&, The induction hypothesis identifies the numerator in the second form of (3. 1V) with detM (N-1) I Z, n, v, sinkx~I P, ln, I Iv, I' (4. 5) where to get this result we have assumed that all pj's have the same sign; also the + sign in front corresponds to the sign of Imnj Defining S"(+)=5, e"'"~n , v, (4. 6) we get from (4. 5) that for X-O, S"(+) -0. Now the solution to (4. 3) is easily written as v, = S"(+)y,(k, (n/(I -X)},(x})e ""~, We begin by introducing (ad hoc) a two-state fermion system; we call the states I 0) and I 1).
We introduce the operators a and a~o beying aaI+a~a=1; am=0 and al0&=0; and a 10)= l1). The connection is thus made between the transfer matrix method and the method described in Sec. II for finding the exact solution to (2. 1).
We note that for a regular array of 5-function potentials we have the well-known Kronig-Penney model. We have made some investigations in this area with our method; these were facilitated by the connection, just made, with the transfer matrix method. We shall not report the details here.
